
❯✶ ❙②♠♠❡tr② ❛♥❞ ❊❧❡❝tr♦♠❛❣♥❡t✐s♠

▼✐❝❤❛❡❧ ❏✳ ❍✉r❜❡♥

❏✉❧② ✺✱ ✷✵✷✸

✶ ■♥tr♦❞✉❝t✐♦♥

❚②♣✐❝❛❧❧②✱ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐s ✇r✐tt❡♥ s♦ ❛s t♦ ✐♥❝❧✉❞❡ ♦♥❧② ❛ s❝❛❧❛r
♣♦t❡♥t✐❛❧ V (r)✿

iℏ
∂

∂t
ψ(r, t) =

[

−ℏ
2

2m
∇2 + V (r)

]

ψ(r, t). ✭✶✮

❚❤✐s ✐s ❛♠❡♥❛❜❧❡ ❢♦r s♦❧✈✐♥❣ ♠❛♥② ✐♠♣♦rt❛♥t ♣r♦❜❧❡♠s✱ s✉❝❤ ❛s ❛ ♣❛rt✐❝❧❡
✐♥ ❢r❡❡ s♣❛❝❡✱ ❛ ♣❛rt✐❝❧❡ ✐♥ ❛ ❜♦①✱ ❜❛rr✐❡r t✉♥♥❡❧✐♥❣✱ t❤❡ s✐♠♣❧❡ ❤❛r♠♦♥✐❝
♦s❝✐❧❧❛t♦r✱ ❛ ❈♦✉❧♦♠❜ ♣♦t❡♥t✐❛❧✱ ❛♥❞ s♦ ♦♥ ❬✶❪✳ ❍♦✇❡✈❡r✱ ✐t ❝❛♥♥♦t ❛❝❝♦✉♥t
❢♦r ❡✛❡❝ts ♦♥ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❢r♦♠ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇❤✐❝❤ ❛r✐s❡s ❢r♦♠
❛ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✳ ❈❛r❡ ✐s ♥❡❡❞❡❞ ✐❢ ✇❡ ❛r❡ t♦ ✐♥tr♦❞✉❝❡ ❛♥❞ ✉s❡ ❛ ♥❡✇
t❡r♠✱ s✉❝❤ ❛s t❤✐s ✈❡❝t♦r ♣♦t❡♥t✐❛❧✱ ✐♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❲♦r❦✐♥❣
t❤r♦✉❣❤ t❤❡ ♣r♦❝❡ss✱ ♠♦r❡♦✈❡r✱ ✐s ✐♥str✉❝t✐✈❡ ❛♥❞ ✈❛❧✉❛❜❧❡✱ ❢♦r ✐t ♣r♦✈✐❞❡s ❛
❝❧❡❛r ❞❡♠♦♥str❛t✐♦♥ ♦❢ ✇❤❛t ❧♦❝❛❧ ❣❛✉❣❡ s②♠♠❡tr② ♠❡❛♥s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t ✇✐❧❧
❛❧❧♦✇ ✉s t♦ s❤♦✇ t❤❛t r❡q✉✐r✐♥❣ ❛ ✇❛✈❡❢✉♥❝t✐♦♥ t♦ ❤❛✈❡ ❧♦❝❛❧ ❯✭✶✮ ✐♥✈❛r✐❛♥❝❡
❧❡❛❞s t♦ E ❛♥❞ B ✜❡❧❞s ❬✷❪✳

❚❤❡ ❛♣♣r♦❛❝❤ ❤❡r❡ ✇✐❧❧ ❜❡ ❛s ❢♦❧❧♦✇s✿ ✇❡ st❛rt ✇✐t❤ ❛ ▲❛❣r❛♥❣✐❛♥ ❢♦r t❤❡
❝❧❛ss✐❝❛❧ ♠♦t✐♦♥ ♦❢ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❡①♣❡r✐❡♥❝✐♥❣ ❜♦t❤ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
✜❡❧❞s✱ s❤♦✇✐♥❣ t❤❛t ✐t r❡s✉❧ts ✐♥ t❤❡ ▲♦r❡♥t③ ❢♦r❝❡ ❧❛✇✳ ❚❤❡♥ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ ✇r✐t❡ ♦✉t ❛ r❡✈✐s❡❞ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳
❋✐♥❛❧❧② ✇❡✬❧❧ ❧♦♦❦ ❛t t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ s♦❧✉t✐♦♥s✱ ❛♥❞ ✇❡✬❧❧ s❡❡ t❤❛t ❧♦❝❛❧
❯✭✶✮ s②♠♠❡tr② ❧❡❛❞s t♦ t❤❡ s❛♠❡ ❣❛✉❣❡ t❡r♠s ✇❤✐❝❤ ✇❡ ❦♥♦✇ ❢r♦♠ ❝❧❛ss✐❝❛❧
❡❧❡❝tr♦♠❛❣♥❡t✐s♠✳

✶



✷ ❚❤❡ ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ▲❛❣r❛♥❣✐❛♥

❈♦♥s✐❞❡r ❛ ♣❛rt✐❝❧❡ ✇✐t❤ ♠❛ss m ❛♥❞ ❝❤❛r❣❡ q ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ E ❛♥❞
B ✜❡❧❞s✳ ❲❤❛t ✐s t❤❡ ▲❛❣r❛♥❣✐❛♥❄ ❚❤❡r❡ ✐s ♥♦ ✇❛② t♦ ❞❡r✐✈❡ ✐t ❢r♦♠ ✜rst
♣r✐♥❝✐♣❧❡s❀ ✐♥st❡❛❞ ♦♥❡ ✉s❡s t❤❡ tr✉st❡❞ ●✉❡ss ❛♥❞ ❈❤❡❝❦ ▼❡t❤♦❞✳ ❲❡ ❛ss✉♠❡
s♦♠❡ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ r✉♥ ✐t t❤r♦✉❣❤ t❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥ t♦ s❡❡ ✐❢ t❤❡
r❡s✉❧t ❛❝❝♦r❞s ✇✐t❤ ❡①♣❡❝t❛t✐♦♥s✳ ❍❡r❡✱ ✐t ✇✐❧❧ ♥❡❡❞ t♦ ♣r♦❞✉❝❡ t❤❡ ▲♦r❡♥t③
❢♦r❝❡ ❧❛✇✳

❲❡ ❛ss❡rt t❤❛t t❤❡ ❝♦rr❡❝t ▲❛❣r❛♥❣✐❛♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
s❝❛❧❛r ❛♥❞ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s ❛s✿

L =
1

2
mẋ2 − qφ(x) +

q

c
ẋ �A(x). ✭✷✮

▲❡t✬s ✈❡r✐❢② t❤❛t t❤✐s ✇♦r❦s✳ ✭■❢ ②♦✉ ❛r❡ ❛❧r❡❛❞② s❛t✐s✜❡❞ t❤❛t t❤✐s ▲❛✲
❣r❛♥❣✐❛♥ ✐s ❝♦rr❡❝t✱ s❦✐♣ ❛❤❡❛❞✱ ②♦✉ ✇✐❧❧ ♥♦t ♠✐ss ❛♥②t❤✐♥❣ ✐♥t❡r❡st✐♥❣✳✮ ❋♦r
s✐♠♣❧✐❝✐t② ✇❡ r❡♠♦✈❡ t❤❡ ❡①♣❧✐❝✐t r❡❢❡r❡♥❝❡s t♦ s♣❛❝❡ ❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡ ♣♦✲
t❡♥t✐❛❧ t❡r♠s✱ ❛♥❞ ❞♦ t❤❡ ✉s✉❛❧ ❞❡r✐✈❛t✐✈❡s✿

∂L

∂ẋi
= mẋi +

q

c
Ai, ✭✸✮

d

dt

∂L

∂ẋi
= mẍi +

q

c

d

dt
Ai, ✭✹✮

∂L

∂xi
= −q

∂

∂xi
φ+

q

c
ẋ �

∂

∂xi
A. ✭✺✮

❚❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥ t❤❡♥ ❣✐✈❡s✿

mẍi +
q

c

d

dt
Ai + q

∂

∂xi
φ−

q

c
ẋ �

∂

∂xi
A = 0. ✭✻✮

❲❡ ♥❡①t ❢♦❝✉s ♦♥ t❤❡ t❡r♠s t❤❛t ❝♦♥t❛✐♥ ♦♥❧② A ❛♥❞ ❡①♣❛♥❞ t❤❡♠✳ ◆♦t❡
t❤❛t t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♥❡❡❞s t❤❡ ❝❤❛✐♥ r✉❧❡✿

d

dt
Ai − ẋ �

∂

∂xi
A = [

∂

∂xi

∂xi

∂t
+

∂

∂xj

∂xj

∂t
+

∂

∂xk

∂xk

∂t
]Ai

−ẋi
∂

∂xi
Ai − ẋj

∂

∂xi
Aj − ẋk

∂

∂xi
Ak.

✭✼✮

❚❤✐s ❜❡❝♦♠❡s

✷



d

dt
Ai − ẋ �

∂

∂xi
A = ẋj[

∂

∂xj
Ai −

∂

∂xi
Aj] + ẋk[

∂

∂xk
Ai −

∂

∂xi
Ak]. ✭✽✮

❚❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❝✉r❧s✱ ❜②
✐♥s♣❡❝t✐♦♥✿

d

dt
Ai − ẋ �

∂

∂xi
A = −ẋj[∇×A]k + ẋk[∇×A]j. ✭✾✮

❆♥❞ t❤✐s ✐s ❥✉st ❛ ❝r♦ss ♣r♦❞✉❝t✳ ❲✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ B = ∇×A✱

d

dt
Ai − ẋ �

∂

∂xi
A = [ẋ×B]i. ✭✶✵✮

❚❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥ ✐s t❤❡♥

mẍi + q
∂

∂xi
φ−

q

c
[ẋ×B]i = 0. ✭✶✶✮

❙✐♥❝❡ E = −∇φ, ✇❡ ❣❡♥❡r❛❧✐③❡ ❢r♦♠ s✐♥❣❧❡ ❝♦♠♣♦♥❡♥ts t♦ ❢✉❧❧ ✈❡❝t♦r
❢♦r♠ ❛♥❞ ✇❡ ✜♥❛❧❧② ❤❛✈❡

F = qE +
q

c
ẋ×B. ✭✶✷✮

✸ ❚❤❡ ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ❍❛♠✐❧t♦♥✐❛♥

■❢ ②♦✉ ❛r❡ ❛❧r❡❛❞② ❤❛♣♣② ✇✐t❤ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❍❛♠✐❧t♦♥✐❛♥✱ ②♦✉ ❝❛♥ s❦✐♣
t❤✐s t♦♦✳ ❖t❤❡r✇✐s❡✱ ✇❡✬❧❧ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♠❡s ❢r♦♠ t❤❡
▲❛❣r❛♥❣✐❛♥ ❛❝❝♦r❞✐♥❣ t♦

H =
∑

i

ẋi
∂L

∂ẋi
− L. ✭✶✸✮

❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥t✉♠ ✐s ❞❡✜♥❡❞ ❛s pi =
∂L
∂ẋi

✱ ✇❤✐❝❤ ✇❡ ❢♦✉♥❞ ✐♥ ❡q✉❛✲
t✐♦♥ ✸✳ ◆♦✇ ✇❡ ♣❧✉❣ ✐♥ L✱ ❛♥❞ ❣❡t r✐❞ ♦❢ ✈❡❧♦❝✐t✐❡s ❜② ❡①♣r❡ss✐♥❣ t❤❡♠ ✐♥
t❡r♠s ♦❢ ♠♦♠❡♥t✉♠✿

✸



H =
∑

i

1

m

[

pi −
q

c
Ai

]

pi

−
∑

i

1

2
m

[

1

m

[

pi −
q

c
Ai

]

]

2 + qφ−
q

mc

[

p−
q

c
A
]

�A.

✭✶✹✮

❚❤❡ s✉♠s ❛r❡ ❥✉st ❞♦t ♣r♦❞✉❝ts✿

H =
1

m

[

p−
q

c
A
]

� p−
1

2m

[

p−
q

c
A
]

�

[

p−
q

c
A
]

+ qφ−
q

mc

[

p−
q

c
A
]

�A.

✭✶✺✮
●r♦✉♣✐♥❣ t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s✿

H =
1

m

[

p−
q

c
A
]

�

[

p−
q

c
A
]

−
1

2m

[

p−
q

c
A
]

�

[

p−
q

c
A
]

+ qφ. ✭✶✻✮

❲❡ ✜♥❛❧❧② ❤❛✈❡ ❛ ♥✐❝❡ ❍❛♠✐❧t♦♥✐❛♥ ✇❤✐❝❤ ✇✐❧❧ r❡❞✉❝❡ t♦ t❤❡ ❢❛♠✐❧✐❛r ♦♥❡
✐❢ ✇❡ s✇✐t❝❤ ♦✛ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✿

H =
1

2m

[

p−
q

c
A
]2

+ qφ. ✭✶✼✮

✹ ❚❤❡ ❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥ ●❡ts ▼❛❣♥❡t✐③❡❞

❲❡ ♠❛❦❡ t❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❢♦r ♠♦♠❡♥t✉♠✿

p → −iℏ∇. ✭✶✽✮

❚❤❡♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐s✱ ❛❢t❡r s♦♠❡ ❢❛❝t♦r✐♥❣✿

iℏ
∂

∂t
ψ =

[

−ℏ
2

2m

[

∇−
iq

ℏc
A

]

�

[

∇−
iq

ℏc
A

]

+ qφ

]

ψ. ✭✶✾✮

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❞r♦♣♣❡❞ ❡①♣❧✐❝✐t r❡❢❡r❡♥❝❡ t♦ s♣❛❝❡ ❛♥❞ t✐♠❡ ✐♥ ψ ❥✉st
❛s ✇❡ ❛r❡ ♥♦t ✇r✐t✐♥❣ ♦✉t t❤❛t t❤❡ ♣♦t❡♥t✐❛❧s ❝❛♥ ✈❛r② ✇✐t❤ s♣❛❝❡✱ ❢♦r ❜r❡✈✐t②✳

❊q✉❛t✐♦♥ ✭✶✾✮ ✐s ❛ ❣❡♥❡r❛❧ r❡s✉❧t✳ ❲❡ ❛r❡ ♥♦t ❣♦✐♥❣ t♦ s♦❧✈❡ ✐t ❢♦r s♦♠❡
♣❛rt✐❝✉❧❛r ♣♦t❡♥t✐❛❧s✳ ❘❛t❤❡r✱ ✇❤❛t ✇❡ ✇✐❧❧ ❛s❦ ✐s✿ ❤♦✇ ♠✐❣❤t ✇❡ ❛❧t❡r ψ s✉❝❤
t❤❛t ✐t st✐❧❧ s❛t✐s✜❡s ❡q✉❛t✐♦♥ ✭✶✾✮❄ ❖✉r ♠♦t✐✈❛t✐♦♥ ❢♦r ✇❛♥t✐♥❣ t♦ ❞♦ s✉❝❤ ❛

✹



t❤✐♥❣ ❝♦♠❡s ❢r♦♠ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ t❤❛t ✐t ✐s ♦♥❧② t❤❡ sq✉❛r❡❞ ♠❛❣♥✐t✉❞❡ ♦❢
t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ t❤❛t ❣✐✈❡s ✉s ❛ ♠❡❛s✉r❛❜❧❡ q✉❛♥t✐t②❀ ♥❛♠❡❧②✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
❞❡♥s✐t②✳ ❲❡ ❦♥♦✇ ✇❡ ❝❛♥ r♦t❛t❡ t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦

ψ′(r, t) = eiθψ(r, t), ✭✷✵✮

❢♦r ❛♥② ❝♦♥st❛♥t θ✱ ❛♥❞ t❤❛t ✐t ✇✐❧❧ st✐❧❧ ❜❡ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✾✮✳ ❏✉st ❛s
✐♠♣♦rt❛♥t❧②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✇✐❧❧ ❜❡ ✉♥❛✛❡❝t❡❞✿

|ψ′(r, t)|
2
= |ψ(r, t)|2 . ✭✷✶✮

❚❤❛t eiθ ✐s ❛ s♣❡❝✐❛❧ ❛♥❞ ✇♦♥❞❡r❢✉❧ ❡♥t✐t② ✐s ❛❧r❡❛❞② ✇❡❧❧✲❦♥♦✇♥❀ ✇❤❛t
✐s ♠♦r❡✱ t❤❡ s❡t ♦❢ ❛❧❧ eiθ t❡r♠s ❛❧s♦ ❢♦r♠ ❛ ✉♥✐t❛r② ❣r♦✉♣✱ U(1)✳ ●r♦✉♣s
♠✉st s❛t✐s❢② ❢♦✉r r❡q✉✐r❡♠❡♥ts✿ ✭❛✮ ✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ t❤❡② ♠✉st ❣❡♥❡r❛t❡
❛♥♦t❤❡r ❡❧❡♠❡♥t ♦❢ t❤❡ ❣r♦✉♣ ✭❝❤❡❝❦✿ eiθ eiκ ❂ ei(θ+κ)✮❀ ✭❜✮ t❤❡② ♠✉st ❤❛✈❡
❛♥ ✐❞❡♥t✐t② ❡❧❡♠❡♥t ❛s ❛ ♠❡♠❜❡r ✭❝❤❡❝❦✿ e0❂✶✮❀ ✭❝✮ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠✉st ❜❡
❛ss♦❝✐❛t✐✈❡ ✭❝❤❡❝❦✿ ②❡s✱ ♦❜✈✐♦✉s ✐♥ t❤✐s ❝❛s❡✮❀ ❛♥❞ ✭❞✮ ❡✈❡r② ❡❧❡♠❡♥t ♠✉st
❤❛✈❡ ❛♥ ✐♥✈❡rs❡ ✐♥ t❤❡ ❣r♦✉♣ ✭❝❤❡❝❦✿ eiθ ❤❛s e−iθ✮✳

❚❤❡ ♥♦♠❡♥❝❧❛t✉r❡ U(1) ✐♥❞✐❝❛t❡s ❞✐♠❡♥s✐♦♥ ✶❀ U(2) ♠✉st ❝♦♥s✐st ♦❢ 2×2
✉♥✐t❛r② ♠❛tr✐❝❡s ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s✱ ❜✉t ✉♥❞❡r ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✱
❛♥❞ s♦ ♦♥✳

❲❤❡♥ ✇❡ ♠✉❧t✐♣❧② ❜② eiθ✱ ✇❡ ❛r❡ ❡✛❡❝t✐✈❡❧② r♦t❛t✐♥❣ t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ ✐♥
t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❲❡ ❛r❡ ♥♦t s✉r♣r✐s❡❞ t❤❛t s✉❝❤ ❛♥ ♦♣❡r❛t✐♦♥ ✇♦✉❧❞ ❧❡❛✈❡
t❤❡ ♣❤②s✐❝s ✉♥❝❤❛♥❣❡❞✱ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ♥♦t❤✐♥❣ ✇♦✉❧❞ ❝❤❛♥❣❡ ✐❢ ✇❡
❝♦✉❧❞ r♦t❛t❡ t❤❡ ✉♥✐✈❡rs❡ ❜② s♦♠❡ ❛r❜✐tr❛r② ❛♥❣❧❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ψ ♦❜❡②s
❣❧♦❜❛❧ U(1) s②♠♠❡tr②✳

❇✉t ✇❤❛t ❛❜♦✉t ❧♦❝❛❧ U(1) s②♠♠❡tr②❄ ❲❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❧♦❝❛❧❧② ❛❧t❡r
ψ✱ t✇✐st✐♥❣ ✐t t♦ ♣♦✐♥t ♦✛ ✐♥ s♦♠❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ❤❡r❡✱ t✇❡❛❦✐♥❣ ✐t✱ t♦ ♣♦✐♥t ✐♥
❛♥♦t❤❡r ❞✐r❡❝t✐♦♥ ♦✈❡r t❤❡r❡✱ ❛♥❞ s♦ ♦♥❄ ❆t ✜rst ❣❧❛♥❝❡ t❤❛t s❡❡♠s ❢♦♦❧✐s❤✳
❲❡ ✇♦r❦ ❤❛r❞ t♦ s♦❧✈❡ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❢♦r ✇❛✈❡❢✉♥❝t✐♦♥ s♦❧✉t✐♦♥s✱
s♦ ✇❤② ✇♦✉❧❞ ✇❡ t❤❡♥ t❛❦❡ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ ❛r❜✐tr❛r✐❧② ❣❛r❜❧❡ ✐t ✉♣ ❧✐❦❡ t❤❛t❄

▲❡t✬s tr② ✐t ❛♥②✇❛②✳ ◗✉❛♥t✉♠ ▼❡❝❤❛♥✐❝s ✐s ❛❧r❡❛❞② str❛♥❣❡✱ ❛♥❞ t❤✐s ♥❡✇
✈❡rs✐♦♥ ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❧♦♦❦s ❡✈❡♥ str❛♥❣❡r✳ ▼❛②❜❡ s♦♠❡t❤✐♥❣
✐♥t❡r❡st✐♥❣ ✇✐❧❧ ❤❛♣♣❡♥✳

❙♦✱ t♦ st❛rt✱ ❤♦✇ ❞♦ ✇❡ ❞♦ ❛ ❧♦❝❛❧ U(1) tr❛♥s❢♦r♠❛t✐♦♥❄ ❊❛s②✱ ❥✉st ❧❡t θ
❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ s♣❛❝❡ ❛♥❞ t✐♠❡✿

θ → θ(r, t). ✭✷✷✮

✺



❋♦r ❜r❡✈✐t② ✇❡ ❛❣❛✐♥ ✇✐❧❧ ❞r♦♣ ❡①♣❧✐❝✐t r❡❢❡r❡♥❝❡ t♦ s♣❛❝❡ ❛♥❞ t✐♠❡✱ ❛♥❞
s❡t t♦ ✇♦r❦✐♥❣ ♦✉t t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ eiθ t❡r♠ ✐♥ t❤❡ ♠♦❞✐✜❡❞ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥✿

iℏ
∂

∂t
eiθψ =

[

−ℏ
2

2m

[

∇−
iq

ℏc
A

]

�

[

∇−
iq

ℏc
A

]

+ qφ

]

eiθψ. ✭✷✸✮

▲❡t✬s ❧♦♦❦ ❢♦r ❧♦✇✲❤❛♥❣✐♥❣ ❢r✉✐t ✜rst✳ ❚❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❝❛❧❧s ❢♦r ❛ s✐♠♣❧❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t r✉❧❡✿

iℏ
∂

∂t
eiθψ = −ℏeiθ

∂θ

∂t
ψ + iℏeiθ

∂ψ

∂t
. ✭✷✹✮

❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ✜♥❛❧ t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✷✹✮✱
✇❤✐❝❤ ✐♥✈♦❧✈❡s t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧✱ ✐s tr✐✈✐❛❧✱ ❛s ✐t ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ ❞✐✛❡r❡♥✲
t✐❛t✐♦♥✳ ❚❤❡ ♣❛rt ♦❢ ❡q✉❛t✐♦♥ ✭✷✹✮ t❤❛t ✇✐❧❧ ❣❡t ✉❣❧② ✐s ♦❜✈✐♦✉s✿ ✇❡ ❤❛✈❡ ❛
✈❡❝t♦r A ✇❤✐❝❤ ✐s ✐ts❡❧❢ ❛ ❢✉♥❝t✐♦♥ ♦❢ s♣❛❝❡✱ ❛❞❞❡❞ t♦ ❛ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r✱
✇✐t❤ t❤❡ r❡s✉❧t sq✉❛r❡❞✱ ❛♥❞ t❤❡♥ ❛♣♣❧✐❡❞ ♦♥ ❛ ♣r♦❞✉❝t ♦❢ ❢✉♥❝t✐♦♥s✳ ❆t✲
t❡♠♣t✐♥❣ s❤♦rt✲❝✉ts ❤❡r❡ ❝❛♥ ❧❡❛❞ t♦ ❞✐s❛st❡r✳ ❲❡ ♠✉st ❜❡ ❞✐❧✐❣❡♥t✳ ❋♦r t❤❡
s❛❦❡ ♦❢ ❣❡tt✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❛❧❝✉❧✉s✱ ❧❡t✬s ❞❡✜♥❡ α = − iq

ℏc
A✳ ❲❡ ♥❡❡❞ t♦ t❤❡♥

❡①♣❛♥❞ ❛s ❢♦❧❧♦✇s✿

[∇+α] � [∇+α]ψ′ = [∇+α] � [∇ψ′ + ψ′α]

= ∇2ψ′ +∇ � (ψ′α) +α �∇ψ′ + ψ′α2.
✭✷✺✮

❚❤❡ ♣r♦❞✉❝t r✉❧❡ ❢♦r t❤❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r t❤❡♥ ❣✐✈❡s

[∇+α] � [∇+α]ψ′ =
[

∇2 + 2α �∇+ (∇ �α) + α2
]

ψ′. ✭✷✻✮

❙t✐❧❧ ♥♦t t♦♦ ❜❛❞✳ ❇✉t ✇❡ ♥❡❡❞ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ψ′ = eiθψ✳ ❚❤✐s
✇✐❧❧ ❝♦♠♣❧✐❝❛t❡ t❤❡ ❣r❛❞✐❡♥t t❡r♠ ❛♥❞ t❤❡ ▲❛♣❧❛❝✐❛♥ t❡r♠✳

❉♦✐♥❣ t❤❡ ❣r❛❞✐❡♥t ✜rst✿

∇ψ′ = ∇eiθψ = ieiθψ∇θ + eiθ∇ψ = eiθ [iψ∇θ +∇ψ] . ✭✷✼✮

❚❤❡ ▲❛♣❧❛❝✐❛♥ ✐s t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❛t ❣r❛❞✐❡♥t✿

∇2ψ′ = ∇ �∇eiθψ = ∇ � eiθ [iψ∇θ +∇ψ] . ✭✷✽✮

❈♦♥t✐♥✉✐♥❣ t♦ ❣r✐♥❞ t❤r♦✉❣❤ t❤✐s✱ ✇❡ ❤❛✈❡

✻



∇ � eiθ [iψ∇θ +∇ψ] = ieiθ∇θ � [iψ∇θ +∇ψ] + eiθ∇ � [iψ∇θ +∇ψ] . ✭✷✾✮

❊①♣❛♥❞✐♥❣ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❛♥❞ ✉s✐♥❣ t❤❡ ♣r♦❞✉❝t r✉❧❡ ❛❣❛✐♥✱

∇2ψ′ = −eiθψ∇2θ+ ieiθ∇θ �∇ψ + ieiθ∇ψ �∇θ+ ieiθψ∇2θ+ eiθ∇2ψ. ✭✸✵✮

❚❤❛t ❣♦t ✉❣❧② ❢❛st✱ ❜✉t ❝♦❧❧❡❝t✐♥❣ t❡r♠s✱ ✐t s✐♠♣❧✐✜❡s t♦

∇2ψ′ = eiθ
[

∇2 −∇2θ + 2i∇θ �∇+ i∇2θ
]

ψ. ✭✸✶✮

❲❡ ❝❛♥ ❝♦♠❜✐♥❡ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛♥❞ ❣r❛❞✐❡♥t ❡①♣❛♥s✐♦♥s ❢r♦♠ ✭✷✼✮ ❛♥❞✭✸✶✮
✐♥ ♦r❞❡r t♦ ✇r✐t❡ ✭✷✺✮ ❛s

[∇+α] � [∇+α]ψ′ =

eiθ
[

∇2 −∇2θ + 2i∇θ �∇+ i∇2θ + 2iα �∇ θ + 2α �∇+ (∇ �α) + α2
]

ψ.

✭✸✷✮

◆❡①t✱ ❛ ❝❧❡✈❡r ❤❛❝❦✳ ❲❡ ❣♦ ❜❛❝❦ t♦ ✭✷✺✮ ❛♥❞ ❧❡t α → α + β ✐♥ ♦r❞❡r t♦
s❡❡ ✇❤❛t ❤❛♣♣❡♥s ✐❢ t❤❡ ❡①♣r❡ss✐♦♥ ❤❛❞ ❜❡❡♥ ✉s✐♥❣ t✇♦ ✈❡❝t♦rs✿

[∇+α+ β] � [∇+α+ β]ψ′ =
[

∇2 + 2α �∇+ 2β �∇+ (∇ �α) + (∇ � β) +α2 + 2α � β + β2
]

ψ′.
✭✸✸✮

❚❤❡s❡ t✇♦ ❡q✉❛t✐♦♥s✱ ✭✸✷✮ ❛♥❞ ✭✸✸✮✱ ❛r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ✐❢ ✇❡ s❡t β =
i∇θ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✿

[∇+α] � [∇+α] eiθψ = eiθ [∇+α+ i∇θ] � [∇+α+ i∇θ]ψ. ✭✸✹✮

P❡r❤❛♣s t❤❡r❡ ✐s ❛♥ ❡❛s✐❡r ✇❛② t♦ ❛rr✐✈❡ ❛t t❤✐s r❡s✉❧t✱ ❜✉t ✇♦r❦✐♥❣ t❤r♦✉❣❤
✐t ✇❛s ❛ ✇♦rt❤✇❤✐❧❡ ❡①❡r❝✐s❡ ❛♥❞ ❣❡♥❡r❛t❡s ❝♦♥✜❞❡♥❝❡ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥✳ ❚❤❡
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ t❤❡♥ ❜❡❝♦♠❡s

−ℏeiθ
∂θ

∂t
ψ + iℏeiθ

∂ψ

∂t
= eiθ

[

−ℏ
2

2m

[

∇−
iq

ℏc
A+ i∇θ

]2

+ qφ

]

ψ. ✭✸✺✮
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❲❡ ❝❛♥ ❞✐s❝❛r❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧s ❛♥❞ ♠❛ss❛❣❡ ✈❛r✐♦✉s t❡r♠s✱ ❣❡tt✐♥❣ ✐t
✐♥t♦ ❛ ♠♦r❡ ❢❛♠✐❧✐❛r ❢♦r♠✿

iℏ
∂ψ

∂t
=

[

−ℏ
2

2m

[

∇−
iq

ℏc
A+ i∇θ

]2

+ qφ+ ℏ
∂θ

∂t

]

ψ. ✭✸✻✮

❲❡ ❛r❡ ❛❧♠♦st ✇✐t❤✐♥ r❡❛❝❤ ♦❢ ❛ ♣r♦❢♦✉♥❞ ♥❡✇ ❡①♣r❡ss✐♦♥✳✳✳ ▲❡t✬s ❞♦ s♦♠❡
❢❛❝t♦r✐♥❣ ❛s ❢♦❧❧♦✇s✿

iℏ
∂ψ

∂t
=

[

−ℏ
2

2m

[

∇−
iq

ℏc

(

A−∇
ℏc

q
θ

)]2

+ q

(

φ+
1

c

∂

∂.t

ℏc

q
θ

)

]

ψ ✭✸✼✮

■❢ ✇❡ ❞❡✜♥❡

ζ = −
ℏc

q
θ, ✭✸✽✮

t❤❡♥ t❤✐s ❜❡❝♦♠❡s

iℏ
∂ψ

∂t
=

[

−ℏ
2

2m

[

∇−
iq

ℏc
(A+∇ζ)

]2

+ q

(

φ−
1

c

∂ζ

∂t

)

]

ψ. ✭✸✾✮

❨♦✉ ♠❛② ✇❡❡♣ ❥♦②♦✉s t❡❛rs ♥♦✇✳ ❚❤❡ ✈❡❝t♦r ❛♥❞ s❝❛❧❛r ♣♦t❡♥t✐❛❧s ❤❛✈❡
❥✉st ❣♦tt❡♥ t❤❡✐r ❝❧❛ss✐❝ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥ t❡r♠s ❛♣♣❧✐❡❞ ✐♥s✐❞❡ t❤❡ ❍❛♠✐❧✲
t♦♥✐❛♥✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ E ❛♥❞ B ✜❡❧❞s ❤❛✈❡ ♥♦t ❝❤❛♥❣❡❞✳ ❲❡ ❛r❡ t❤❡r❡✲
❢♦r❡ ❢r❡❡ t♦ t✇✐❞❞❧❡ ψ ✇✐t❤ ❧♦❝❛❧ eiθ r♦t❛t✐♦♥s✱ ❛♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠ ✇✐❧❧
♠❛❦❡ s✉r❡ t❤❛t ✐t ❞♦❡s♥✬t ♠❛tt❡r✳ ❆❧♠♦st ❛s ✐❢ t❤❛t ✇❡✐r❞ r❡❞✉♥❞❛♥❝② ♦❢
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❣❛✉❣❡ ✇❛s ✇❛✐t✐♥❣ ♦✉t t❤❡r❡ ✐♥ ♦r❞❡r t♦ ♣❡r❢❡❝t❧② ❝❛♥❝❡❧ ♦✉t
t❤❡ ✇❡✐r❞ r❡❞✉♥❞❛♥❝② ♦❢ t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ ♣❤❛s❡✳ ■t ✐s ❞❡❡♣❧② s❛t✐s❢②✐♥❣ t❤❡
♠♦r❡ ②♦✉ t❤✐♥❦ ❛❜♦✉t ✐t✳

◆♦✇ ✐♠❛❣✐♥❡ ✇❤❛t ✇♦✉❧❞ ❤❛✈❡ ❤❛♣♣❡♥❡❞ ✐❢ ✇❡ ❤❛❞ ♥♦t ✐♥❝❧✉❞❡❞ t❤❛t
✈❡❝t♦r ♣♦t❡♥t✐❛❧✳ ❖✉r ❛tt❡♠♣ts t♦ ✐♥❝❧✉❞❡ ❛ ❧♦❝❛❧ eiθ tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ t❤❡
✇❛✈❡❢✉♥❝t✐♦♥ ✇♦✉❧❞ ❤❛✈❡ ❣❡♥❡r❛t❡❞ ∇θ t❡r♠s ✐♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✱
❜✉t ✇✐t❤ ♥♦ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ t♦ ❛❜s♦r❜ t❤❡♠ ❛♥❞ ♠❛❦❡ t❤❡♠ ✐rr❡❧❡✈❛♥t✳

❲❡ ❝❛♥ ✐♥t❡r♣r❡t ❛❧❧ t❤✐s ❛s ❢♦❧❧♦✇s✿ t❤❡ st❛t❡ ♦❢ ❛ ❢r❡❡✱ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡
❛❧♦♥❡ ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❧♦❝❛❧ U(1) s②♠♠❡tr②❀ ❜✉t ✐❢ ✇❡ ❞❡♠❛♥❞ s✉❝❤ ❛ s②♠✲
♠❡tr② ❢♦r ψ✱ t❤❡♥ t❤❡r❡ ♠✉st ❜❡ ❛♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡
❝❧❛ss✐❝❛❧ ❣❛✉❣❡ ❝♦♥❞✐t✐♦♥s✳ ■♥ t❤✐s s❡♥s❡✱ t❤❡ s②♠♠❡tr② r❡q✉✐r❡♠❡♥t ✐s ❡q✉✐✈✲
❛❧❡♥t t♦✱ ♦r t❤❡ s♦✉r❝❡ ♦❢✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ❛♥❞ t❤❡
❊▼ ✜❡❧❞✳ ❍❡♥❝❡ t❤❡ ❡①♣r❡ss✐♦♥ ❧♦❝❛❧ ❣❛✉❣❡ s②♠♠❡tr②✳
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❲❤❛t ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ ❤❡r❡ ✐s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ♦♥❡✲t❤✐r❞ ♦❢ t❤❡ ❙t❛♥✲
❞❛r❞ ▼♦❞❡❧✬s SU(3)×SU(2)×U(1) s②♠♠❡tr②✳ ❊❧❡❝tr♦♠❛❣♥❡t✐s♠ ❡♠❜♦❞✐❡s
t❤❡ s✐♠♣❧❡st ♦❢ t❤❡s❡ t❤r❡❡ s②♠♠❡tr✐❡s❀ t❤❡ str♦♥❣ ❢♦r❝❡ ✇✐❧❧ ❣♦ ✇✐t❤ t❤❡
SU(3) ❣r♦✉♣✱ ❛♥❞ t❤❡ ✇❡❛❦ ✇✐t❤ t❤❡ SU(2) ❣r♦✉♣✳

❲❤❛t ❞♦ t❤♦s❡ ❣r♦✉♣s ❧♦♦❦ ❧✐❦❡❄ U(n) r❡❢❡rs t♦ ✉♥✐t❛r② ♠❛tr✐❝❡s ♦❢ ❞✐✲
♠❡♥s✐♦♥ n ❤❛✈✐♥❣ ❛ ❞❡t❡r♠✐♥❛♥t ❂ ✶✳ ❋❛♠✐❧✐❛r ❡①❛♠♣❧❡s ♦❢ SU(2) s②♠♠❡tr②
❛r❡ t❤❡ t❤r❡❡ P❛✉❧✐ ♠❛tr✐❝❡s✱ ❛❧t❤♦✉❣❤ t❤✐s ✐s s❡❧❞♦♠ ♣♦✐♥t❡❞ ♦✉t ✇❤❡♥ t❤❡②
❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s♣✐♥✳

❚❤❡r❡ ✐s ❛ ❤✉❣❡ ❣✉❧❢ ❜❡t✇❡❡♥ t❤❡ ✇❛② ✉♥❞❡r❣r❛❞✉❛t❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s
✐s ❞✐s❝✉ss❡❞✱ ❡✈❡♥ ❛t t❤❡ s❡♥✐♦r ❧❡✈❡❧✱ ❛♥❞ t❤❡ ❧❛♥❣✉❛❣❡ ❡♠♣❧♦②❡❞ ✐♥ t❤❡
❙t❛♥❞❛r❞ ▼♦❞❡❧✳ ❚❤❡ ❧❛tt❡r ♠❛② s❡❡♠ ✉♥♥❡❝❡ss❛r✐❧② r❡♠♦t❡ ❛♥❞ ♠②st❡r✐♦✉s✱
✇✐t❤ r❡❢❡r❡♥❝❡s t♦ ❨❛♥❣✲▼✐❧❧s t❤❡♦r②✱ ❣r♦✉♣ t❤❡♦r②✱ ❡❧❡❝tr♦✇❡❛❦✱ ❛♥❞ s♦ ♦♥✳
■t s❡❡♠s ❧✐❦❡ ❛ ♠✐ss❡❞ ♦♣♣♦rt✉♥✐t② ✐♥ ✉♥❞❡r❣r❛❞✉❛t❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s t♦
♥♦t ✇♦r❦ t❤r♦✉❣❤ s✉❝❤ ❛ r❡❧❛t✐✈❡❧② str❛✐❣❤t❢♦r✇❛r❞ ❞❡♠♦♥str❛t✐♦♥ ♦❢ ❤♦✇ ❛
❧♦❝❛❧ ❣❛✉❣❡ s②♠♠❡tr② ❧❡❛❞s t♦ ♦♥❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r❝❡s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❙❤❛♥❦❛r ❘✱ Pr✐♥❝✐♣❧❡s ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✭✶✾✽✵✮✳ P❧❡♥✉♠ Pr❡ss✳
❚❤✐s ❝❧❛ss✐❝ t❡①t ♣r♦✈✐❞❡s ❡✈❡r②t❤✐♥❣ ♥❡❡❞ t♦ ♣❡r❢♦r♠ t❤✐s ❞❡♠♦♥str❛✲
t✐♦♥ ♦❢ ❧♦❝❛❧ ❣❛✉❣❡ s②♠♠❡tr②✳ ■t r✉♥s t❤r♦✉❣❤ ❛ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❆❤❛r❛♥♦✈✲❇♦❤♠ ❡✛❡❝t ✐♥ ❝❤❛♣t❡r ✶✽✳

❬✷❪ ❚❤♦♠s♦♥ ▼✱ ▼♦❞❡r♥ P❛rt✐❝❧❡ P❤②s✐❝s ✭✷✵✶✸✮ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②
Pr❡ss✳ ❆ ✈❡r② ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❧♦❝❛❧ ❣❛✉❣❡ ♣r✐♥❝✐♣❧❡ ❛♥❞ t❤❡
❝♦♥♥❡❝t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠ t♦ ❯✭✶✮ ✐♥✈❛r✐❛♥❝❡ ✐s ❣✐✈❡♥ ✐♥ ❝❤❛♣t❡r
✶✵✳ ❚❤❡ tr❡❛t♠❡♥t ❤❡r❡ ❝♦♠❡s ❢r♦♠ ❡①♣❛♥❞✐♥❣ ✉♣♦♥ t❤❛t ♦✈❡r✈✐❡✇
❛♥❞ ✇♦r❦✐♥❣ t❤r♦✉❣❤ ✐t ♠♦r❡ ❡①♣❧✐❝✐t❧②✳

✾


	Introduction
	The Electromagnetic Lagrangian
	The Electromagnetic Hamiltonian
	The Schrödinger Equation Gets Magnetized

